Abstract. We give a new definition of Cox rings and Cox sheaves for suitable varieties over fields of characteristic 0 that is compatible with universal torsors. We study their existence and classification, and we make their relation to universal torsors precise.
Introduction
In the 1970s, Colliot-Thélène and Sansuc introduced and studied universal torsors of varieties with finitely generated geometric Picard group over fields of characteristic 0; see [CTS87, Sko01] . In particular, universal torsors were used to study rational points and other arithmetic questions on geometrically rational varieties over number fields.
In the 1990s, Cox [Cox95] constructed homogeneous coordinate rings of toric varieties over the field C of complex numbers. Homogeneous coordinate rings, or Cox rings, were introduced for more general classes of varieties by Hu, Keel [HK00] , Elizondo, Kurano, Watanabe [EKW04] , Berchtold, Hausen [BH03, Hau08] , and others.
Soon after the introduction of Cox rings, it was observed informally that there is a close connection to universal torsors (see the introductions of [BP04, HT04] , for example). So far, this connection has been made precise only over algebraically closed fields. The first result that does it in some generality seems to be [Has09, Theorem 5.6]: For a nonsingular projective variety X with free and finitely generated Picard group Pic(X) and finitely generated Cox ring over an algebraically closed field of characteristic 0, a universal torsor admits an open embedding into the spectrum of a Cox ring of X, equivariantly under the action of the Néron-Severi torus of X.
In this article, we define Cox rings and Cox sheaves for varieties over fields that are not necessarily algebraically closed in a way that is compatible with the definition of universal torsors. We study their existence and classification, and we make their relation to universal torsors precise; see Section 3. As a preparation, we revisit the definition and construction of Cox rings over algebraically closed fields from an axiomatic point of view; see Section 2. Since the theory of universal torsors is worked out only over fields of characteristic 0, we restrict ourselves to such fields in the whole article.
1.1. Cox rings over algebraically closed fields. For us, a variety is a geometrically integral separated scheme of finite type over a field. First, we consider the case of a variety X over an algebraically closed field k of characteristic 0 with finitely generated Pic(X) and only constant invertible global sections. These are basic assumptions in the theories of Cox rings and universal torsors.
As a Pic(X)-graded k-vector space, a Cox ring of X is
where D runs through a set D of divisors forming a system of representatives of Pic(X). It is not completely straightforward to define a multiplication on R that turns it into a k-algebra because, given 
but there is no canonical choice for the latter isomorphism. We can only make it unique up to nonzero scalars by the natural requirement that s 3 = s 1 s 2 with
where div Di (s i ) is the effective divisor linearly equivalent to D i that corresponds to s i . If X is nonsingular and projective with free Picard group, the standard construction of a Cox ring (see [HT04, CT06, Has09, TVAV11] , for example) is to choose divisors D 1 , . . . , D r whose classes form a Z-basis of Pic(X), and to take D as the set of all Z-linear combinations of D 1 , . . . , D r . Then no choice of isomorphisms as above is needed. It is important to note (see [BP04, HT04] , for example) that a different choice of D 1 , . . . , D r leads to a Cox ring that is noncanonically isomorphic to the previous one.
If X is a normal variety that is singular (and not locally factorial), we have the alternative option to work with the Weil divisor class group Cl(X) instead of Pic(X). This alternative is pursued in [EKW04, BH07, Hau08, ADHL14] , for example. We will see that the approach via Pic(X) is the right choice from the point of view of universal torsors.
Different approaches also exist when Pic(X) (or Cl(X)) is not free. One option is to work with divisors D 1 , . . . , D r whose classes form a Q-basis of Pic(X) ⊗ Z Q (or Cl(X) ⊗ Z Q). This simplified point of view is taken in [HK00, GOST12, CT13], for example. Here, different choices of D 1 , . . . , D r generally lead to non isomorphic results. This is enough to study finite generation of the resulting rings, but it is clearly not suitable from the point of view of universal torsors. To obtain a Cox ring as in (1.1) that is unique up to (noncanonical) isomorphism, one can run through a free group of divisors (or line bundles) whose classes generate Pic(X) (or Cl(X)) and then choose a shifting family or an identifying character to identify [BH03] for Pic(X) with line bundles, our Construction 2.8 for Pic(X) with Cartier divisors, and [Hau08, ADHL14] for Cl(X). Another option is to work with the choice of a k-rational point on X as in [BP04, Definition 1.1] and [ADHL14, Construction 1.4.2.3]. For X locally factorial, [ADHL14, Proposition 1.6.1.7, Corollary 1.6.2.7, Construction 1.6.3.1] draws the connection between Cox rings, Cox sheaves, and universal torsors, generalizing the result [Has09, Theorem 5.6] mentioned above.
We propose the new alternative to work with an arbitrary set D of divisors forming a system of representatives of Pic(X) (or Cl(X)) and to define the multiplication via the choice of a splitting of the natural exact sequence
(which is familiar from the theory of universal torsors); see Construction 3.14. More importantly, we give an axiomatic definition of Cox rings (see Definition 2.1) and show that our axioms are satisfied precisely by the rings obtained from all the constructions above (in their Pic(X)-versions).
1.2. The definition of Cox rings over nonclosed fields. Next, we assume that X is a variety over a field k that is not algebraically closed. Letk be an algebraic closure. One option is to define a Cox ring R as in (1.1), working with the Picard group Pic(X) (or the Weil divisor class group Cl(X)) of X over the ground field k. This approach is essentially taken in [AHS02, BP04, EKW04, GOST12] . It has the disadvantage that the base change R⊗ kk is smaller than a Cox ring of Xk := X × kk if X is nonsplit (i.e., the natural map Pic(X) → Pic(Xk) is not an isomorphism). Furthermore, in the nonsplit case, it turns out that it is incompatible with universal torsors. Only in the case of split varieties we get Cox rings that behave well under base change and are compatible with universal torsors. Cox rings of split varieties over number fields were successfully applied to study rational points, namely to Manin's conjecture via the universal torsor method; see [FP13] for a systematic discussion.
To obtain compatibility with universal torsors also in the nonsplit cases, we propose the following new approach to Cox rings of a variety X over a nonclosed field k of characteristic 0, with finitely generated geometric Picard group Pic(Xk) and such that Xk has only constant invertible global sections. Essentially, a ring R is defined to be a Cox ring of X if and only if R ⊗ kk is a Cox ring of Xk, with a compatible action of the Galois group G = Gal(k/k); see Definition 3.2 for details. It is important to note that Pic(Xk), Div(Xk) andk(X) come with natural actions of G, but that there is generally no canonical action of G on
where D runs through a set D of divisors forming a system of representatives of Pic(Xk). Namely, for s ∈ H 0 (Xk, O(D)) and g ∈ G, we would like to define g * s
, but as in (1.2), there is no canonical choice of isomorphism; we can only require that
, which makes g * s unique only up to scalars. If there is a G-invariant set of divisors giving a basis of Pic(Xk), however, no such isomorphisms have to be chosen, and then it is not hard to write down examples of Cox rings (see the final example in [HT04, Section 4]).
It is straightforward to write down a Cl(Xk)-version of our definition of Cox rings and Cox sheaves for normal varieties X over nonclosed fields k. Parts of this are presented in [ADHL14, Section 6.1.3].
1.3. The relation between Cox rings and universal torsors. Theorem 1.1. Let k be a field of characteristic 0, with G := Gal(k/k). Let X be a variety over k withk [X] × =k × and finitely generated Pic(Xk). Then there are natural bijections between the following sets:
(1) universal torsors over X up to isomorphism, (2) Cox sheaves of X up to isomorphism. If these sets are nonempty, they can be parameterized via twisting by (3) the Galois cohomology group
where H X is the quasitorus over k that is dual to the G-module Pic(Xk). Furthermore, if Pic(Xk) is generated by classes of effective Cartier divisors (e.g., X is nonsingular or projective), then both sets (1) and (2) are in natural bijection to the set of (4) Cox rings of X up to isomorphism.
Here, a universal torsor π : Y → X corresponds to the Cox sheaf π * O Y and to the Cox ring O Y (Y ). A Cox sheaf R corresponds to the Cox ring R(X) and to the universal torsor Spec X R → X. Given a Cox ring R, it is more involved to recover the corresponding Cox sheaf and universal torsor; see Section 3. It would be interesting to know whether there is a variety X such that Pic(Xk) is not generated by classes of effective Cartier divisors.
In particular, a variety X over a nonclosed field k might have no Cox ring, or it might have several nonisomorphic Cox rings.
Note that in the alternative construction of a Cox sheaf R on a normal variety X using Cl(Xk), we obtain a good quotient Spec X R → X that is not a torsor if Cl(Xk) differs from Pic(Xk); see also [Hau08,  1.4. The construction of Cox rings over nonclosed fields. To construct a Cox ring of a variety over a nonclosed field k, the idea is to perform any of the constructions sketched in Section 1.1 overk in a Galois-equivariant way. This should give a Cox ring overk together with an action of G := Gal(k/k). Then Galois descent gives a Cox ring over k.
The existence criteria and constructions for universal torsors over nonsingular varieties via certain G-equivariant splittings [CTS87] , [Sko01, Theorem 2.3.4, Corollary 2.3.10] lead to Cox sheaves and Cox rings via Theorem 1.1. It turns out that these splittings allow us to construct Cox sheaves and Cox rings directly also for certain singular varieties as in Theorem 1.2. This gives existence criteria and constructions for universal torsors in a more general setting. Theorem 1.2. Let k be a field of characteristic 0, with G := Gal(k/k). Let X be a variety over k withk [X] × =k × and finitely generated Pic(Xk). For the existence of Cox sheaves, Cox rings and universal torsors over X, the existence of one of the following suffices.
(1) A splitting of the natural exact sequence of G-modules 1 →k
is generated by Cartier divisors on Xk supported outside Uk, with a splitting of the natural exact sequence of G-modules 1 →k
ing Pic(Xk) with a G-equivariant identifying character χ : Λ 0 →k(X) × , where Λ 0 is the kernel of the natural map Λ → Pic(Xk). (4) A k-rational point on X. If X is locally factorial, then the existence of a splitting as in (1), of splittings as in (2) for all suitable U , and of characters as in (3) for all suitable Λ are necessary for the existence of Cox sheaves, Cox rings or universal torsors on X.
Note that the existence of a k-rational point is not necessary for the existence of Cox rings and Cox sheaves on X (see Example 3.20). Splittings as in (1) and (2) were previously only known to be linked to universal torsors over nonsingular varieties; the proofs made heavy use of spectral sequences. Characters as in (3) were previously only known to be linked to Cox sheaves and Cox rings over algebraically closed fields. Our proof uses results from [CTS87, Sko01] only to show that the existence of a splitting as in (2) implies the existence of a splitting as in (1) and is otherwise self-contained (up to the use of standard results from algebraic geometry, Galois descent and the theory of Cox rings over algebraically closed fields).
The parameterization appearing in [BBP12, Section 4] can be interpreted as an example of our constructions.
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Cox rings over algebraically closed fields
In order to prepare our study of Cox rings over nonclosed fields, we revisit the construction of Cox rings over algebraically closed fields and introduce both a new axiomatic approach and a new construction. We show that the resulting Cox rings are all isomorphic. Our Cox rings of a variety X are isomorphic to the Pic(X)-graded total coordinate rings of [BH03] and coincide with the Cl(X)-graded Cox rings of [Hau08, ADHL14] when Cl(X) and Pic(X) are the same. To prepare for Galois descent, we study isomorphisms and automorphisms of Cox rings.
We start by fixing our setting and some notation. In this section, we work over an algebraically closed field k of characteristic 0. In the following, let X be an integral scheme of finite type over k. We always assume that X has finitely generated Picard group Pic(X) and only constant invertible global sections 
It is a closed subset of pure codimension 1 in X.
We say that two homomorphisms (between k-vector spaces, k-algebras, O Xmodules) coincide up to scalars when one is obtained from the other by multiplication by an element of k × .
2.1. An axiomatic approach to Cox rings and Cox sheaves.
Definition 2.1. A Cox ring of X is a Pic(X)-graded k-algebra R, together with a map div :
where R L denotes the part of degree L ∈ Pic(X), such that for each D ∈ CaDiv(X), there is a k-vector space isomorphism
, and such that div is compatible with multiplication (i.e., div(s 1 s 2 ) = div(s 1 ) + div(s 2 ) in CaDiv(X) for any nonzero homogeneous s 1 , s 2 ∈ R). Let R, R ′ be Cox rings of X. A Cox ring isomorphism φ : R → R ′ is a k-algebra isomorphism satisfying div(s) = div(φ(s)) for every nonzero homogeneous s ∈ R.
Note that φ D exists and is unique up to scalars if and only if it exists for some representative of [D] .
Cox ring isomorphisms respect the Pic(X)-gradings. However, the following example shows that a k-algebra isomorphism respecting the Pic(X)-grading is not necessarily a Cox ring isomorphism. Before giving the abstract definition of Cox sheaf we recall some properties of the isomorphisms of invertible sheaves attached to Cartier divisors.
Proof. Without loss of generality we can assume that D and D ′ are trivialized by the same open covering of X, say
, and all open subsets U of X.
Since A Cox sheaf isomorphism is an isomorphism of Pic(X)-graded O X -algebras.
We show that the ring of global sections of a Cox sheaf is a Cox ring. By the end of this section we will see that every Cox ring is induced by (a subsheaf of) a Cox sheaf.
Proposition 2.5. Let R be a Cox sheaf of X. Then R(X) is a Cox ring of X. Moreover, any isomorphism of Cox sheaves R → R ′ induces an isomorphism of Cox rings R(X) → R ′ (X).
Proof. By [Har77, Exercise II.1.11], the ring of global sections R(X) of R is the
there is a family of isomorphisms φ D :
for D ∈ CaDiv(X) compatible with the multiplication of R(X) up to scalars. Let div :
be the map that sends a homogeneous element s of degree L ∈ Pic(X) to the
, and the map div is well-defined. If s 1 , s 2 ∈ R(X) are nonzero homogeneous elements, then div(s 1 s 2 ) = div(s 1 ) + div(s 2 ) because the isomorphisms φ D are compatible with the multiplication of R(X) up to scalars.
Let
The group of automorphisms of a Cox sheaf is described in the following proposition. This is important for Galois descent; see Proposition 3.4.
. Then h → φ h defines an isomorphism between H X (k) and the group of Cox sheaf automorphisms of R.
Proof. It is straightforward to check that φ h is a Cox sheaf automorphism for any h ∈ H X (k) and that h → φ h is an injective group homomorphism. To prove surjectivity, we note that a Cox sheaf automorphism φ of R must be scalar multiplication by some Definition 2.7. An identifying character for a finitely generated free subgroup Λ ⊆ CaDiv(X) is a group homomorphism χ : Λ 0 → k(X) × , where Λ 0 is the subgroup of principal divisors in Λ, with the property that div 0 (χ(E)) = E for all E ∈ Λ 0 . Construction 2.8. Let Λ be a finitely generated free group of Cartier divisors of X whose classes generate Pic(X). We define S = D∈Λ O X (D) with the multiplication of sections induced by the embedding in k(X) to be the graded O X -algebra associated with Λ. Let Λ 0 ⊆ Λ be the subgroup of principal divisors, and χ : Λ 0 → k(X) × an identifying character for Λ. Let I be the sheaf of ideals of S locally generated by the sections 1 − χ(E), where 1 is homogeneous of degree 0, E runs through Λ 0 , and χ(E) is homogeneous of degree −E. Let R := S/I and π : S → R the projection. Then (i) I is Pic(X)-homogeneous, and every Λ-homogeneous section of I is zero;
is an isomorphism of O X -modules for all D ∈ Λ; (iii) R with the family of isomorphisms π| −1 SD is a Cox sheaf of X. Proof. To prove (i) take an open subset U ⊆ X and a section s ∈ H 0 (U, I) homogeneous of degree D. Let V be an open covering of U such that for all V ∈ V we can write
Since s is homogeneous of degree D, we get s| V = 0 for all V ∈ V. Hence, s = 0.
For (ii), we prove that π| H 0 (U,SD ) :
and V an open covering of U such that for all V ∈ V there exists a section 
is multiplication by a nonzero element of k by Lemma 2.3. Hence,
Remark 2.9. Construction 2.8 works with Cartier divisors, while [BH03, Section 3] works with line bundles (which leads to the same results) and [Hau08, Section 2] is restricted to normal varieties and works with Weil divisors (which leads to the same results for locally factorial X, i.e., if Cartier and Weil divisors are the same notion on X).
Proposition 2.10. The Cox sheaves defined in Construction 2.8 do not depend on the choice of the identifying character χ, up to isomorphism of Cox sheaves.
Proof. Let Λ be a finitely generated free group of Cartier divisors whose classes generate Pic(X), and χ, χ ′ : Λ 0 → k(X) × two identifying characters for Λ. Let S = D∈Λ O X (D) be the graded O X -algebra associated with Λ, I the sheaf of ideals of S locally generated by the sections 1 − χ(E), and I ′ the sheaf of ideals of S locally generated by the sections 1−χ ′ (E), where E runs through Λ 0 . Since Λ is free and finitely generated and k is algebraically closed, the character
By Construction 2.8, the existence of Cox sheaves and Cox rings is clear if X is normal. In general it is a consequence of the next lemma about the existence of free finitely generated subgroups of CaDiv(X). 
. . , n r ∈ Z if and only if n 1 = · · · = n r = 0. Then, the divisors D
i,1 ) with i ∈ {1, . . . , r} generate a free subgroup of CaDiv(X).
To produce the rational functions f 1 , . . . , f r one can proceed as follows. Let
. If X has dimension 0 this lemma is trivial. So, we assume that U has positive dimension, and hence infinitely many closed points. We construct f 1 , . . . , f r by induction. Let f 1 ∈ A be nonzero and noninvertible.
Up to a permutation of the indices, we can assume that n 1 ≥ · · · ≥ n r . Since none of the f i is invertible, n 1 > 0 and n r < 0. We write g := ni>0 f ni i and h := ni<0 f
−ni i
, so that g, h ∈ A and gh
The following proposition shows that, up to isomorphism, every Cox sheaf of X arises as in Construction 2.8.
Proposition 2.12. Let R be a Cox sheaf of X. For every finitely generated free group Λ of Cartier divisors generating Pic(X), there exists an identifying character χ such that R is isomorphic to the Cox sheaf defined by Λ and χ in Construction 2.8.
Proof. Let Λ be a finitely generated free group of Cartier divisors on X whose classes generate Pic(X). The O X -module S = D∈Λ R [D] endowed with the multiplication induced by R is a Λ-graded O X -algebra, and the natural surjective map π : S → R is a morphism of O X -algebras compatible with Λ → Pic(X).
, be a family of isomorphisms associated with R. Fix a basis B of Λ, and let Λ + ⊆ Λ be the monoid generated by B. For every D ∈ Λ + , write D = n i=0 D i with D i ∈ B, and let α D ∈ k × be the unique constant such that
) and all open subsets U ⊆ X. For every D ∈ Λ, write Let Λ 0 ⊆ Λ be the subgroup of principal divisors. Let χ : Λ 0 → k(X) × be defined by χ(E) := ϕ −E (1). Let I be the kernel of π. Then ϕ(I) contains the ideal of Proof. This follows from Proposition 2.10 and Proposition 2.12.
2.3. Cox rings and Cox sheaves. Now we show that Cox rings are all isomorphic to rings of global sections of Cox sheaves, provided that Pic(X) is generated by effective divisors.
Proposition 2.14. Assume that Pic(X) is generated by effective divisors. Then every Cox ring of X arises as ring of global sections of a Cox sheaf of X, and every Cox ring automorphism is induced by a unique automorphism of the underlying Cox sheaf.
Proof. By Lemma 2.11, there is a free finitely generated group Λ of Cartier divisors with a basis B whose elements represent effective classes that generate Pic(X). Let S = D∈Λ O X (D) be the graded O X -algebra associated with Λ. Let R be a Cox ring of X with associated family of isomorphisms φ D :
with D i ∈ B and let α D ∈ k × be the unique constant that satisfies
where α ∈ k × is the unique constant such that αφ Since ϕ(1 − χ(E)) = 0 for every E ∈ Λ 0 , the homomorphism ϕ factors through the quotient H 0 (X, S)/H 0 (X, I) ∼ = R(X). Moreover, if s belongs to the kernel of ϕ, we write s = n i=1 s i where s i ∈ H 0 (X, S) are homogeneous of degree D i with D i = D j whenever i = j. Since R is Pic(X)-graded and ϕ(s) = 0, we can assume without loss of generality that
). Thus ϕ induces an isomorphism φ : R(X) → R that satisfies div(s) = div(φ(s)) for all nonzero homogeneous elements s ∈ R(X) by construction.
Let ψ be an automorphism of R(X). Since ψ is compatible with div, for every nonzero homogeneous sections s ∈ R(X), there is a nonzero constant λ L,s ∈ k such that ψ(s) = λ L,s s. Since ψ is linear, the constants λ L,s do not depend on the chosen section s, but only on its degree L. Hence, we write λ L for λ L,s . Since ψ is compatible with multiplication in R(X), the constants λ L are multiplicative, namely λ L1+L2 = λ L1 λ L2 for all effective L 1 , L 2 ∈ Pic(X). Since Pic(X) is generated by effective divisor classes, the constants λ L define a unique group homomorphism Pic(X) → k × , which is an element of H X (k), and hence an automorphism of R by Proposition 2.6.
Remark 2.15. We observe that if X is quasi-projective or locally factorial, then Pic(X) is generated by effective divisors.
Corollary 2.16. Assume that Pic(X) is generated by effective divisors. Then there exists exactly one isomorphism class of Cox rings of X, and the group of automorphism of a Cox ring is isomorphic to H X (k).
Proof. This follow from Propositions 2.5, 2.6, 2.14 and Corollary 2.13.
Remark 2.17. If Pic(X) is not generated by effective divisors, the conclusions of Corollary 2.16 holds replacing H X by the quasitorus dual to the subgroup Pic eff (X) of Pic(X) generated by the effective divisors classes. Indeed, the proof of Proposition 2.14 shows that every Cox ring is isomorphic to the ring of global sections of a subsheaf of a Cox sheaf determined by the inclusion Pic eff (X) ⊆ Pic(X). Moreover, Construction 2.8 and Propositions 2.6, 2.10 and 2.12 can be performed considering Pic eff (X) instead of Pic(X).
Cox sheaves and universal torsors.
The Picard grading on a Cox sheaf R of a variety X induces an action of the Picard quasitorus H X on X := Spec X R, and the canonical map X → X is a universal torsor under this action, as the following proposition shows.
Proposition 2.18. Let R be a Cox sheaf of a variety X. Consider X := Spec X R with the action of the Picard quasitorus H X induced by the Picard grading of R. Then the natural morphism X → X is a universal X-torsor. Conversely, if π : Y → X is a universal X-torsor, then π * O Y is a Cox sheaf of X.
Proof. Let R be a Cox sheaf of X. The morphism π : X → X induced by O X ⊆ R is surjective. Since R is locally finitely generated as O X -algebra, the morphism π is of finite type. Since R is a locally free O X -module, the morphism π is flat and X with the action of H X induced by the Pic(X)-grading of R is locally isomorphic to H X = Spec O X [Pic(X)] with the natural action of H X on itself. Hence, π is an X-torsor under the action of H X .
To prove that the torsor π is universal, we have to check that its type is id Pic(X) , where the type map
Let {U i } i an open covering of X that trivializes R. The class of X in H 1 (X, H X ) is represented by the cocycle (β i,j ) i,j with
belongs to a fixed system of representatives for Pic(X). Therefore, its image under the type map is id Pic(X) .
Assume now that π : Y → X is a universal X-torsor. Since k is algebraically closed, the type map
is injective. Hence, the class of Y is represented by the cocycle (β i,j ) i,j with
belongs to a fixed system D of representatives for Pic(X), and {U i } i is an open covering of X that trivializes all elements of Pic(X). Thus, {U i } i trivializes π. Therefore,
for all i and these isomorphisms glue over the cocycle (β i,j ) i,j to give an isomorphism
This endows π * O Y with a Pic(X)-grading that turns it into a Cox sheaf of X.
Remark 2.19. The alternative construction of a Cox sheaf R and a Cox ring R(X) via Cl(X) (instead of Pic(X)) for a normal variety X as in [Hau08, ADHL14] gives a good quotient X = Spec X R → X that is generally not a torsor. It is a torsor if and only if X is locally factorial; by [ADHL14, Proposition 1.6.1.7], X → X is in fact a universal torsor. In this case, Cl(X) coincides with Pic(X), hence this is also a special case of Construction 2.8 and Proposition 2.18.
We recall from [Bor63] Proposition 2.20. Let R be a Cox sheaf of X. Assume that X is divisorial and R(X) is a finitely generated k-algebra. Let f 1 , . . . , f m ∈ R(X) be nonzero homogeneous sections such that the open subsets X \ Supp(div(f i )) are affine and cover X. Then the natural morphism Spec X R → Spec R(X) is an open immersion, and the complement of the image is defined by the ideal (f 1 , . . . , f m ) of R(X).
Proof. Let X = Spec X R and π : X → X the morphism induced by O X ⊆ R. The open subsets X fi = π −1 (X \ Supp(div(f i ))) are affine and cover X. Moreover,
is an open immersion whose image is the union of the principal open subset of Spec R(X) defined by f i for i ∈ {1, . . . , m}.
Cox rings over nonclosed fields
Let k be a field of characteristic 0, not necessarily algebraically closed. We fix an algebraic closurek of k, with Galois group G = Gal(k/k), and any algebraic extension of k mentioned later is contained ink.
In this section, X always denotes a geometrically integral scheme of finite type over k. We always assume that Xk := X × kk has finitely generated Picard group Pic(Xk) and only constant invertible global sections (k [X] × =k × ). Here,k[X] := H 0 (Xk, O Xk ). Letk(X) be the function field of Xk. Let H X := Hom(Pic(Xk), G m,k ) be the quasitorus over k whose group of characters is the geometric Picard group Pic(Xk), which is naturally a G-module.
The action of G onk induces an action on A ⊗ kk (with g ∈ G acting via id ⊗g) for any k-algebra A, and similarly on O Xk = O X ⊗ kk . On Xk, we consider the action of G that is induced by the inverse of this action on O Xk . For every g ∈ G, we denote by gD the natural Galois action on a divisor D ∈ CaDiv(Xk), by g(f ) the natural Galois action on an element f ∈k(X). All these actions are continuous (with respect to the Krull topology on G and the discrete topology on the other objects). We will denote by g * s an action of g ∈ G on a section s of a Cox sheaf (or an element s of a Cox ring) of Xk.
Cox rings and Cox sheaves.
Definition 3.1. A natural G-action on a Cox ring R of Xk is a continuous action of G that is compatible with the natural G-action on CaDiv(Xk) through the map div (namely, div(g * s) = g div(s) for any nonzero homogeneous s ∈ R and any g ∈ G). A Cox ring with a natural G-action is called G-equivariant Cox ring.
An isomorphism of G-equivariant Cox rings R, R ′ is an isomorphism of Cox rings that is equivariant with respect to their natural G-actions.
A natural G-action on a Cox sheaf R of Xk is a continuous action of G that is compatible with the natural G-action on CaDiv(Xk). That is, for every g ∈ G and D ∈ CaDiv(Xk), the automorphism of R associated to g restricts to an isomorphism
An isomorphism of G-equivariant Cox sheaves R, R ′ is an isomorphism of Cox sheaves that is equivariant with respect to their natural G-actions.
As explained in the introduction, there is no canonical way of defining a G-action on Cox rings or Cox sheaves of Xk; there may be no or more than one natural Gaction as defined above. Now we define Cox rings and Cox sheaves over nonclosed fields.
Definition 3.2. A Cox ring of X is a k-algebra R such that Rk := R ⊗ kk with the induced action of G is a G-equivariant Cox ring of Xk.
Given two Cox rings R, R ′ of X and any algebraic extension K/k, a Cox ring isomorphism over K is a K-algebra isomorphism φ :
is an isomorphism of Cox rings over Xk. A Cox sheaf of X is an O X -algebra R such that Rk := R ⊗ kk with the induced action of G is a G-equivariant Cox sheaf of Xk.
Given two Cox sheaves R, R ′ of X and any algebraic extension K/k, a Cox sheaf isomorphism over K is an O XK -algebra isomorphism φ :
′k is an isomorphism of Cox sheaves over Xk.
Proposition 3.3. There is a natural bijection between the set of isomorphism classes of G-equivariant Cox sheaves of Xk and the set of isomorphism classes of Cox sheaves of X.
There is a natural bijection between the set of isomorphism classes of G-equivariant Cox rings of Xk and the set of isomorphism classes of Cox rings of X.
Proof. Let R be a G-equivariant Cox ring of Xk, and R G its subring of invariants. Since the action of G on R is continuous, there is an isomorphism R G ⊗ kk ∼ = R by [Mil, Proposition 16 .15]. Hence, R G is a Cox ring of X, and R → R G defines a bijection between the set of isomorphism classes of G-equivariant Cox rings of Xk and the set of isomorphism classes of Cox rings of X, with inverse R → Rk.
Similarly, if R is a G-equivariant Cox sheaf of Xk, then the sheaf R G defined by
G for all open subsets U of X is a Cox sheaf of X. This defines a bijection R → R G between the set of isomorphism classes of G-equivariant Cox sheaves of Xk and the set of isomorphism classes of Cox sheaves of X. The inverse map is R → Rk.
We apply descent theory (see [Ser02, §III.1] or [Mil, §16] ) to classify Cox sheaves and Cox rings of X up to isomorphism.
Assume that X has a Cox sheaf R. By Corollary 2.13, for every Cox sheaf R ′ of X, there is a Cox sheaf isomorphism φ : Rk → R ′k . Note that for every g ∈ G,
defines another Cox sheaf isomorphism overk. Therefore, φ −1 • g φ defines a Cox sheaf automorphism of Rk overk, so that we get a map G → H X (k) by Proposition 2.6, which turns out to be a 1-cocycle.
Proposition 3.4. Assume that X has a Cox sheaf R. Sending a Cox sheaf R ′ with a Cox sheaf isomorphism φ : Rk → R ′k overk to the class of the cocycle
defines an bijective map from the set of isomorphism classes of Cox sheaves of X to H 1 (k, H X ).
Proof. It is standard to check that g → φ −1 • g φ defines a cocycle whose class does not depend on the choice of φ. Furthermore, replacing R ′ by a k-isomorphic Cox sheaf does not change the class. For injectivity, we check that we get a kisomorphism of Cox rings from cohomologous cocycles.
For surjectivity, note that a cocycle σ : G → H X (k) defines a twisted action
where φ σg is the automorphism defined in Proposition 2.6. Since
the twisted action defined by σ is continuous, and hence a natural G-action on Rk according to Definition 3.1. By Proposition 3.3, the sheaf of invariants R σ is a Cox sheaf of X such that Rk ∼ = R σ ⊗ kk . The cocycle associated to this isomorphism is
Definition 3.5. Let R be a Cox sheaf of X. For any cocycle σ : G → H X (k), let R σ be the twisted Cox sheaf constructed in the proof of Proposition 3.4.
A natural G-action on a Cox sheaf R of Xk induces a natural G-action on the Cox ring R(Xk). The next proposition shows that the converse holds under hypotheses analogous to the ones of Proposition 2.14. Proposition 3.6. Assume that Pic(Xk) is generated by effective divisors. Let R be a Cox sheaf of Xk. Then every natural G-action on R(Xk) is induced by a natural G-action on R.
, be a family of isomorphisms associated to R. Let s ∈ R(Xk) be nonzero homogeneous of degree [D] with D ∈ CaDiv(Xk). Since
there exists a nonzero constant α g,D,s ∈k such that φ gD (g * s) = α g,D,s g(φ D (s)). By linearity of the action of G on R(Xk) and the isomorphisms φ D , the constants α g,D,s do not depend on s. Therefore, we write α g,D for α g,D,s . Moreover, α g,
for all s ∈ R(Xk) [D] and s
] are effective, and we define α g,D := α g,D1 α −1 g,D2 βg(γ −1 ), where β, γ ∈k × such that
for all s ∈ R(Xk) [D] and s ′ ∈ R(Xk) [D2] . The constants α g,D do not depend on the choice of the divisors D 1 , D 2 .
For every homogeneous section s of R and every g ∈ G we define g * s : a divisors such that s has degree [D] . This definition does not depend on the choice of the representative D for the degree of s and induces an action of G on R that is continuous and compatible with the natural G-action on CaDiv(Xk) as in Definition 3.1 by construction.
Corollary 3.7. Let R be a Cox sheaf of X. Then R(X) is a Cox ring of X.
If Pic(Xk) is generated by effective divisors, then this induces a bijection between the set of isomorphism classes of Cox sheaves of X and the set of isomorphism classes of Cox rings of X.
Proof. By Proposition 3.3, Rk is a G-equivariant Cox sheaf of Xk. By Proposition 2.5, Rk(Xk) is a Cox ring of Xk. Since the induced G-action turns it into a G-equivariant Cox ring, the ring of invariants R(X) = Rk(Xk)
G is a Cox ring of X by Proposition 3.3. This proves the first statement.
Now we turn to the second statement. Clearly isomorphic Cox sheaves have isomorphic Cox rings as global sections, hence we have a well-defined map. Surjectivity is a consequence of Propositions 2.14, 3.3 and 3.6. For injectivity, assume that R and R ′ are Cox sheaves of X satisfying R(X) ∼ = R ′ (X). This isomorphism of Cox rings of X induces an isomorphism of G-equivariant Cox rings R(X)k ∼ = R ′ (X)k that extends to a unique isomorphism of Cox sheaves φ : Rk → R ′k by Proposition 2.14. Since g
an automorphism on Rk that induces the identity on Rk(Xk) for every g ∈ G, by the uniqueness statement of Proposition 2.14,
• g • φ is the identity as well, which means that φ is G-equivariant, and hence restricts to an isomorphism R ∼ = R ′ .
3.2. Cox sheaves and universal torsors. Now we explore the connection between universal X-torsors, Cox rings and Cox sheaves of X and prove Theorem 1.1. For the definition of universal torsors, see [CTS87, Sko01] , for example.
Proposition 3.8. Let R be a Cox sheaf of a variety X. Then X := Spec X R is a universal X-torsor. Furthermore, for any cocycle σ : G → H X (k), the twisted universal X-torsor X σ is obtained from the twisted Cox sheaf R σ . If Xk is divisorial and has a finitely generated Cox ring, then there is an H Xequivariant open immersion of X into X := Spec R(X).
Proof. Since Rk is a G-equivariant Cox sheaf of Xk, the action of (H X )k on Rk induced by the Pic(Xk)-grading descends to an action of H X on R, and the canonical morphism Spec X (R) → X is a universal torsor by fpqc-descent and Proposition 2.18.
Let σ ∈ H 1 (G, H X (k)). By Proposition 3.4, the twisted Cox sheaf R σ corresponds to the G-equivariant Cox sheaf Rk of Xk with the twisted action of G given by (g, s) → σ g (g(s)) under the bijection of Proposition 3.3. Thus, Spec X R σ is obtained by Galois descent from Xk with the twisted G-action (g,
If Xk is divisorial and has a finitely generated Cox ring, then the canonical morphism X → X is an H X -equivariant open immersion by fpqc-descent and Proposition 2.20. Proof. By Propositions 3.8 and 3.9, both maps are well-defined, and they are inverse to each other.
Proof of Theorem 1.1. For the bijection between (1) and (2), see Corollary 3.10.
If there is a Cox sheaf R of X, a bijection from (2) to (3) is described in Proposition 3.4; note that it depends on the existence and choice of R. See Definition 3.5 for the inverse map. Of course the parameterization of (1) by (3) is also known from [CTS87] .
Corollary 3.7 shows that R → R(X) induces a natural map from (2) to (4) and that this is a bijection under the assumption that Pic(Xk) is generated by effective divisors.
This completes our study of the classification of Cox rings and Cox sheaves over nonclosed fields, and their relation to universal torsors. Example 3.11. Let X ⊂ P 2 R be the conic defined by x 2 +y 2 +z 2 = 0, with X(R) = ∅. We have the isomorphism
A Cox ring of P 
−1 u should be a scalar multiple of u + v, which implies λ = −σ(λ) −1 , which is impossible for λ ∈ C × . Therefore, the conic X without R-rational points does not have a Cox ring.
We start with a version of Construction 2.8.
Proposition 3.12. Assume that there exists a G-invariant, finitely generated, free group Λ of Cartier divisors generating Pic(Xk).
(i) If there is a G-equivariant identifying character for Λ, then X has a Cox sheaf.
(ii) If X has a Cox sheaf and Λ has a G-invariant basis, then there is a Gequivariant identifying character for Λ.
Proof. Given a G-equivariant identifying character χ for Λ, the ideal I of S := D∈Λ O Xk (D) on Xk locally generated by 1 − χ(E), with E ∈ Λ 0 , is invariant under the action of G on S ⊆k(X) induced by the natural action of G onk(X). Therefore, the Cox sheaf R = S/I of Xk with the induced action of G is Galois equivariant. Now Proposition 3.3 shows that R descends to a Cox sheaf of X.
Conversely, assume that X has a Cox sheaf and Λ has a G-invariant basis B. By Proposition 3.3, there is a G-equivariant Cox sheaf R of Xk. By Corollary 2.13, we can assume, without loss of generality, that R is defined by Λ and an identifying character χ : Λ 0 →k(X) × , where Λ 0 is the subgroup of principal divisors of Λ, as in Construction 2.8. Let S := D∈Λ O Xk (D), and let π : S → R be the projection. Let φ D be a family of isomorphisms associated to R. Without loss of generality, we can assume that φ D = π| 
Remark 3.13. If X is a normal variety, then every subgroup Λ ⊆ CaDiv(Xk) is free by [Har77, Remark II.6.11.2]. If X is locally factorial, then there exists a group Λ with a G-invariant basis as in Proposition 3.12.
From [CTS87, Sko01] we know that the existence of universal torsors for a nonsingular variety X over a nonclosed field k is equivalent to the existence of a Gequivariant splitting of the exact sequence
and is also equivalent to the existence of a G-equivariant splitting of the analogous exact sequence 1 →k
associated to an open subset U ⊆ X with trivial Picard group. As a consequence of Theorem 1.1, this is also equivalent to the existence of Cox sheaves and Cox rings of X. In our more general setting, where X can be singular, we show in the next results how to construct a Cox sheaf of X starting from a G-equivariant splitting of such exact sequences. Then Proposition 3.8 gives a universal torsor in this setting, generalizing the above results of [CTS87, Sko01] .
Construction 3.14. Let γ :k(X) × →k × be a G-equivariant splitting of the natural exact sequence
Choose any set D ⊆ CaDiv(Xk) of divisors forming a system of representatives of Pic(Xk). Let Proof. Associativity of the multiplication holds since γ is a group homomorphism. Distributivity is clear for
are homogeneous of the same degree and f 1 is also homogeneous. For nonhomogeneous elements, we define multiplication in the obvious way that makes it distributive in general. Therefore, R is an O Xk -algebra. As remarked in Definition 2.4, it is enough to consider the functions φ D for D ∈ D, these are chosen to be the identity, and are compatible with multiplication by construction. Since γ is G-equivariant, the G-action on R defined in Construction 3.14 is compatible with the natural action of G on Pic(Xk) and it is continuous because the action of G onk(X) is continuous. The final statement holds by Proposition 3.3. Proof. If U ⊆ X is a nonempty open subset such that Pic(Xk) is generated by the Cartier divisors supported outside Uk and the exact sequence (3.3) has a Gequivariant splitting, we choose a system of representatives D for Pic(Xk) such that every D ∈ D is supported outside Uk. Then Construction 3.14 can be performed using the G-equivariant splitting of (3.3), since the set of Cartier divisors supported outside Uk is a G-invariant group. Thus, there is a G-equivariant Cox sheaf of Xk, and hence a Cox sheaf of X by Proposition 3.3.
Proposition 3.16. If Xk is a locally factorial variety, and X has a Cox sheaf, then the natural exact sequence (3.2) has a G-equivariant splitting.
Proof. Let U ⊆ X be an open subset such that Pic(Uk) = 0. Then the group Λ of Cartier divisors on Xk supported outside Uk is free, finitely generated and has a G-invariant basis (consisting of the prime divisors supported outside Uk).
The groupk[U ]
× /k × is naturally identified with the subgroup Λ 0 ⊆ Λ of principal divisors. By Proposition 3.12, there exists a G-equivariant identifying character χ : Λ 0 →k(X) × for Λ. Since every element of Λ 0 is supported outside Uk, the image of χ is contained ink [U ] × . Hence, χ is a G-equivariant splitting of the exact sequence (3.3) associated to U . Let X ′ be the nonsingular locus of Xk and U ′ = Uk ∩ X ′ . Since Xk is normal, its singular locus has codimension ≥ 2. Hence,k(X) =k(X ′ ) andk[U ] =k[U ′ ]. Then, according to [CTS87] , the exact sequence (3.2) admits a G-equivariant splitting whenever (3.3) does.
Corollary 3.17. If X is a locally factorial variety, then the existence of Cox sheaves of X is equivalent to the existence of one or all of the following: (i) A G-equivariant splittings of (3.2); (ii) A G-equivariant splitting of (3.3) for one (or equivalently all) nonempty open subset U ⊆ X such that Pic(Uk) = ∅; (iii) A G-equivariant identifying character for one (or equivalently all) G-invariant, finitely generated, free groups of Cartier divisors generating Pic(Xk).
Proof. This follows from Proposition 3.12, Remark 3.13, Proposition 3.15, Proposition 3.16, and the fact that a G-equivariant splitting of (3.2) induces a G-equivariant splitting of (3.3) for all open subsets U of X.
Existence of a rational point on X implies the existence of universal X-torsors, and hence the existence of Cox sheaves and Cox rings of X.
Proposition 3.18. If X is a variety and has a k-rational point, then Cox sheaves of X exist.
Proof. By the remarks after [Sko01, Corollary 2.3.9], if X is a variety over k and X(k) = ∅, then universal torsors of X exist. Therefore, Cox sheaves of X exist by Proposition 3.9.
In the following we give an explicit construction of Cox sheaves defined by the existence of a rational point on X; see [ADHL14, Construction 1.4.2.3] for a Cl(X)-version for normal X over algebraically closed fields.
Construction 3.19. Assume that Xk is a normal variety, and has a k-rational point x. The set Λ x of Cartier divisors on Xk with support not containing x is a G-invariant group that generates Pic(Xk). Let Λ ⊆ Λ x be a G-invariant finitely generated subgroup generating Pic(Xk). Let Λ 0 ⊆ Λ be the subgroup of principal divisors. Then, the map χ : Λ 0 →k(X)
× that sends E ∈ Λ 0 to the unique function f E ∈k(X) × such that div 0 (f E ) = E and f E (x) = 1 is a G-equivariant identifying character for Λ. The Cox sheaf of Xk defined by this choice of Λ and χ in Construction 2.8 is G-equivariant, and gives a Cox sheaf of X by Galois descent.
Proof. A Cartier divisors D = {(U i , f i )} i on Xk does not contain x in its support if and only if f i,x ∈ O × X,x for all i such that x ∈ U i . Then Λ x is a group, as O × X,x is a group. Since x is G-invariant, also Λ x is G-invariant. If D = {(U i , f i )} i is a Cartier divisor on Xk that contains x in its support, take j such that x ∈ U j . Then the divisor div D (f −1 j ) is linearly equivalent to D and belongs to Λ x . Thus, Λ x generate Pic(Xk), and we can find a subgroup Λ as required in this construction. It is clear that the map χ defined above is an identifying character for Λ. Moreover, it is G-equivariant because the point x is G-invariant.
The following example shows that the existence of a k-rational point on X is not necessary for the existence of Cox rings on X.
Example 3.20. Let X be the nonsingular proper surface over k = Q constructed in [Sko99] . It is the first example of a variety without a Q-rational point where the Brauer-Manin obstruction to the Hasse principle vanishes. By [Sko01, Proposition 6.1.4], the latter implies the existence of universal torsors on X. By Theorem 1.1, there are Cox rings and Cox sheaves on X.
We conclude with the proof of Theorem 1.2.
Proof of Theorem 1.2. For the statements regarding Cox sheaves, see Proposition 3.12, Construction 3.14, Proposition 3.15, Corollary 3.17, and Proposition 3.18. For the statements regarding universal torsors and Cox rings, we combine these with Theorem 1.1, keeping in mind Corollary 3.7 and Remark 2.15.
